Let f : A → B and g : A → C be two ring homomorphisms and let J and J be two ideals of B and C, respectively, such that f −1 (J) = g −1 (J ). The bi-amalgamation of A with (B, C) along (J, J ) with respect to (f, g) is the subring of B × C given by
Introduction
Throughout, all rings considered are commutative with unity and all modules are unital. For a ring R, gldim(R) will denote the global dimension of R. For an R-module M, the projective dimension of M and the flat dimension of M are denoted by pd R (M) and fd R (M), respectively. Finally, for a ring R and an ideal I of R, ι 1 is surjective. Facchini and Vamos [2] have obtained analogues of Milnor's theorems for injective and flat modules. In 1985, A. N. Wiseman [3] obtained the following upper bound on the global dimension of R: gldim(R) max{gldim(R 1 ), gldim(R 2 )} + max{fd R (R 1 ), fd R (R 2 )} He also pointed out the fact that it is impossible to estimate gldim(R) with only gldim(R 1 ) and gldim(R 2 ) given, because there exists examples in which the pullback R has infinite global dimension whilst those of the component rings R 1 and R 2 are finite.
In 1988, E. Kirkman and J. Kuzmanovich [5] showed that if ι 1 is surjective then
The aim of this paper is to give a preliminary study of the global dimension of a subclass of pullbacks rings called bi-amalgamated algebras introduced in [4] .
Let f : A → B and g : A → C be two ring homomorphisms and let J and J be two ideals of B and C, respectively, such that f −1 (J) = g −1 (J ). The biamalgamation of A with (B, C) along (J, J ) with respect to (f, g) is the subring of B × C given by
In [4] , the authors studied ring-theoretic properties of bi-amalgamations, provided examples of bi-amalgamations, studied the transfer of some basic ring theoretic properties to bi-amalgamations and described the prime ideal structure of these constructions. They also showed how these constructions arise as pullbacks. Given f : A → B and g : A → C two ring homomorphisms and J and J be two ideals of B and C, respectively, such that f −1 (J) = g −1 (J ) : = I, the bi-amalgamation is determined by the following pullback:
where μ 1 and μ 2 are the surjection morphisms induced from the canonical surjections of (f(A) + J) × (g(A) + J ) into f(A) + J and g(A) + J , respectively, and α(f (a) + j) = a and β(g(a) + j ) = a, for each a ∈ A and j, j ∈ J × J . That is
The interest of these bi-amalgamations resides, partly, in their ability to cover several basic constructions in commutative algebra, including classical pullbacks (e.g.,
], etc.), Nagata's idealizations (also called trivial ring extensions which have been widely studied in the literature), and Boisen-Sheldon's CPI-extensions [6] .
Given a ring homomorphism f : A → B and an ideal J of B, the bi-amalgamation A ι,f (f −1 (J), J) coincides with the amalgamated algebra introduced in 2009 by D'Anna, Finocchiaro, and Fontana ( [7, 8] ) as the following subring of A × B:
When A = B and f = id, the amalgamated A id I is called amalgamated duplication of a ring A along the ideal I and denoted A I (introduced in 2007 by D'Anna and Fontana, [9] ). This construction can be presented as a bi-amalgamated algebra as follows:
This paper try to find formulas and conditions that yield a connection between the global dimension of Noetherian bi-amalgamated algebra and the global dimension of the other rings involved.
Throughout, let f : A → B and g : A → C be two ring homomorphisms and let J, J two ideals of B and C, respectively, such that I : = f −1 (J) = g −1 (J ). Let
Global dimension of Noetherian bi-amalgamated algebras
The purpose of this section is to find a connection between the global dimension of Noetherian bi-amalgamated algebra A f,g (J, J ) and the global dimensions of f(A) + J and g(A) + J . However, it is not always possible to give a like connection or just an estimation without working under some conditions. The following example gives an amalgamated duplication A I (which is a particular case of bi-amalgamated algebras) with infinite global dimension whilst the global dimension of A + I = A is finite. Proof. Set R := Z sZ. There exists the free resolution of the R-module Z . . .
where the syzygies are the submodules 0 × sZ ∼ = Z and
However, it is easily seen that the short exact sequence
The first result of this section study when the global dimension of bi-amalgamated local Noetherian algebra is finite. and, for L ∈ Y and L ∈ Y consider the maximal ideals of A f,g (J, J ) given by:
and, for an ideal I of A, set 
